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MEASURESIENTS OF HUMAN TRANSFER FUNCTION 

WITH VARIOUS MODEL FORMS 

By James J. Adams and Hugh P. Bergeron 
Langley Research Center 

SUMMARY 

Human transfer functions, relating the pilot's visual input (i.e., the 
displayed error) to his stick controller output, have been measured by using an 
automatic model matching technique. In this method, several gains in an analog 
model with a fixed, preselected form are automatically adjusted to provide the 
best match to the time history of the pilot's output. In the present investiga- 
tion input and output data recorded on magnetic tape were analyzed several times 
with different model forms to determine whether one form had an advantage over 
another. The different forms included various amounts of fixed time delay and 
various arrangements of the gains in the linear portion of the model. Time his- 
tories of the outputs, closed-loop characteristics calculated by using the meas- 
ured transfer functions, and system errors obtained with the model in the loop 
were examined. Results showed no particular advantage for any one model over 
all the others. The close agreement in results obtained with several of the 
models indicates that a good linear model for a human pilot has been obtained. 
Results also indicate that use of this model gives smaller system errors than 
use of a pilot. 

INTRODUCTION 

In references 1 and 2 transfer functions of human pilots operating in a 
fixed-base, single-axis control loop were determined for various controlled 
element dynamics. The method used was a model matching technique in which the 
form of the model was preselected and three gains included in the model were 
automatically adjusted to provide the best possible match to the pilot's output. 
The form used in these tests was kept as simple as possible yet consistent with 
the type of control function expected. The present investigation was carried 
out to determine whether a more elaborate model would give a better match or 
more significant results. 

In the present investigation model forms that included a time delay were 
tried. Also, the linear portion of the model was altered to include four vari- 
ables instead of three. This modification involved changing the denominator, or 
lag terms, of the model. Closed-loop characteristics for the complete system, 
pilot plus controlled element dynamics, were calculated and were compared 
with the results presented in reference 2. The human pilot was replaced by the 



model pilot in the control loop, and the resulting time history of the system c 

error was compared with that obtained with the human pilot. All tests were con- 
ducted by using data stored on magnetic tape; therefore, it was possible to make 
direct comparisons in all cases. 

SYMBOLS 

A 

B 

K 

K1, K2 

K3 

S 

X 

a 

6 

model feedback gain representative of lag breakpoint frequency, or 
damping factor, radians/sec 

model feedback gain representative of lag breakpoint frequency, 
radians/sec, or %*, radians2/sec2 

adjustment loop gain 

particular model gains 

time delhy, sec 

-1 Laplace operator, sec 

difference between pilot output and analog pilot output 

general gain 

model output, volts 

6', E", Cj"' 

E displayed error (system error), volts 

output of analog pilot at intermediate points, volts 

5 damping ratio 

w frequency, radians/sec 

0-h undamped natural frequency, radians/sec 

A dot over a symbol indicates a derivative with respect to time. 

APPARATUS 

A block diagram of the control loop in which the pilot operated and a model 
gain adjustment loop is shown in figure 1. The control loop consisted of an 
oscilloscope display, a lightweight spring-restrained center-located control 
stick, and the analog simulation of dynamics. A disturbance signal was entered 
between the output of the dynamics and the display. This disturbance was 
obtained from a Gaussian noise generator with two first-order filters with break 
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frequencies of 1 radian per second. The task was presented as a compensatory 
tracking task in which the pilot was required to keep the moving indicator 
alined with a fixed reference mark. The simulated dynamics included four sys- 
tems which varied from an easy-to-handle rate mechanism to a more diffi- 
cult acceleration system 10/s2 
oscillatory factor 10 which is typical of good airplane pitch 

characteristics. The numerators of these dynamics were adjusted so that reason- 
able control-stick deflections were required in each test. The particular tests 
used in the present investigation are the third-day tests of pilot E presented 
in reference 2. 

2 / s  
and included a third-order system with an 

s ( s 2  + 3s + lo) 

The method used to adjust the linear gains in the model matched to the 
pilot is fully described in references 1 and 2.  In this method the rate of 
change of the gain to be adjusted is given by the expression 

ax a = K x -  
aa 

where 

X difference between pilot output and model output 

U gain to be adjusted 

The partial derivatives used in each case are given in the appendix. These 
derivatives are indicated by the box labeled "Filter" in the block diagram of 
figure 1. 
model, and all gains were adjusted simultaneously. 

A separate gain adjustment loop was provided for each gain in the 

The time delay, or transport delay, incorporated in the model was generated 
by a passive delay line. 
fixed values up to 0.2 second. Sample delays of step inputs (fig. 2) show that 
the device had an adequate frequency response for the present tests. Since the 
device changed the amplitude of the signal, the gain of the input signal was 
always adjusted to provide the proper amplitude for the output in the tests. 

With this device it was possible to set the delay at 

The time delay was used in conjunction with the linear model used in ref- 
erence 2; then the complete analytical expression for the model is 

Model output = KIA + K1%s e -K3s 
( A  + s ) ~  Input 

In these tests the time delay 
the linear gains K1, K2, and A were automatically adjusted to provide the 
best match between the model and the pilot. 

K3 was set at 0, 0.1, 0.15, and 0.2 second, and 

Two other forms for the linear portion of the model were also tried. In 
the second form the two first-order lags included in the model were allowed to 
vary independently. The complete model form in this case is 
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%B + KIK$' -K3s 
e Model output - - 

Input ( A  + s ) ( B  + s) 
A third form investigated put the denominator in the form of an unfactored 

quadratic; thus, 

(4)  Model output - K1 + K1K2s -K3s - e 
Input s 2 + A s + B  

The third form is a general form that contains the first two forms. This form 
allows the model to assume an oscillatory character; the first two forms could 
not do so. 

These various model forms are similar to those used in references 3 to 8. 
In the present investigation, by means of data stored on magnetic tape, all 
models were used with the safne input to provide a critical examination which 
would display any advantage that one model may have over the others. 

RESULTS AND DISCUSSION 

Figure 3 shows a sample time history of a test run showing the displayed 
error, the pilot's control output, the output of the model, and the gain adjust- 

ment; the model form used was --. The gain adjustment shown in 
(A + s)(B + s) 

figure 3 can be compared with that for the same test shown in reference 2 and 
repeated here in figure 4 using the form . The time histories of 

K1 and Q (fig. 3 )  contain a high-frequency variation that was not present in 
the analysis shown in reference 2. This effect is probably due in part to the 
use of higher adjustment loop gains (K in eq. (1)) than those used in refer- 
ence 2. Higher gains in all the adjustment loops were used in an attempt to 
achieve a faster adjustment of the A and B gains, but, even so, the adjust- 
ment of A and B was slower than that achieved with the corresponding gain 
T in reference 2. This slower response was also noted with the quadratic model 
form. 

K1B + KiK2S 

K1A + K K s 

(A + s)* 

The effect of time delays of 0, 0.1, 0.15, and 0.2 second on the match of 
time histories of the model to the pilot is shown in figure 5. It can be seen 
that there is no noticeable improvement in the match with any of the delay 
values. Measurements of the root-mean-square values of the difference between 
the pilot and the model show, in general, a slight decrease with increase in 
delay up to 0.15 second, but show a noticeable increase with further increase in 
delay up to 0.2 second. Therefore, the value of 0.15 second was selected for 
all further presentation of data in which the time delay was included. 

The effect of change in model form, with and without a time delay of 
0.15 second, is shown in figures 6 to 8. The individual figures are for three 
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control led element dynamics, 2 / s ,  lo , and 10/s2. The data  f o r  t he  

10/s2 dynamics are repeated i n  f igure  9 with an expanded time scale  t o  show the  
d e t a i l  of t he  tests be t t e r .  A c lose examination of these time h i s t o r i e s  reveals 
short  periods of time when one form appears t o  provide a b e t t e r  match than 
another; however, the  advantage i s  not consistent with any one form. Measure- 
ments of the  root mean square of t he  difference between the p i l o t  and model d id  
not ind ica te  any advantage. 

s ( s  + 1) 

Different values of t he  gains were measured with the  d i f f e ren t  model forms. 
Measured values f o r  a l l  dynamics t e s t ed  are given i n  t a b l e  1. To i l l u s t r a t e  the  

e f f e c t  of adding a time delay of 0.15 second t o  the  model form 
( A  + s . ) ~  ’ 

open-loop frequency-response p l o t s  f o r  t he  model p i l o t  with three d i f f e ren t  
dynamics are presented i n  f igures  10 t o  12. These f igures  show t h a t  the  changes 
i n  the  l i n e a r  par t s  of the  model t h a t  occur when the  time delay i s  added a re  
such as t o  keep the  response a t  lower frequencies the same i n  both amplitude 
r a t i o  and phase angle even though differences occur a t  higher frequencies. 
decrease i n  phase angle brought about by the increase i n  A compensates f o r  the  
increase in  phase angle added by the  t i m e  delay. 

K I A  + K1%S 

The 

To determine fu r the r  whether d i f f e ren t  values of gains occurring with d i f -  
f e r en t  model forms had any real significance,  two t e s t s  were applied. The 
closed-loop charac te r i s t ics  of the  complete systems were calculated.  Also the  
models were inser ted i n  the  loop i n  place of the  p i l o t  and, by using the  same 
disturbance time h i s to ry  used with the  p i l o t  i n  each case, t he  time h i s to ry  of 
t he  system e r ro r  and the  root-mean-square value f o r  the  system e r ro r  were deter-  
mined. Closed-loop cha rac t e r i s t i c s  including the  model with a time delay were 
calculated by using a l i n e a r  approximation f o r  the delay. 
consis ts  of the  f i r s t  two terms of a Pad; expansion and i s  wri t ten 

This approximation 

The closed-loop cha rac t e r i s t i c s  and root-mean-square values a re  l i s t e d  i n  
t ab le  I. The data  show a very marked s imi l a r i t y  f o r  a l l  the  dynamics i n  the  
closed-loop frequency, damping ra t io ,  r e a l  roots, and root-mean-square value of 

K1A + K 1 q s  K1B + K1K;?S 
t he  e r ro r  with the  model forms ? and 

( A  + s ) ~  ’ ( A  + s)(B + s )  
K1s + K1K2s e-o.13s. Other model forms show instances i n  which the  data  a re  

( A  + s)(B + s )  
not  i n  good agreement with da ta  mentioned previously. With the quadratic form, 
a much l a rge r  change i n  damping r a t i o  with a change i n  dynamics w a s  obtained. 
Lower damping ra t ios ,  even negative damping i n  one case (10/s2), were obtained 

with the  form e and with the  quadratic form with t i m e  delay. 
KIA -I- K 1 q S  -0.15s 

( A  + s ) ~  

5 



There i s  no basis f o r  determining which form r e s u l t s  i n  correct  closed-loop 
charac te r i s t ics .  Since three  of t he  forms agree c lose ly  i n  resu l t s ,  it i s  con- 
cluded t h a t  these r e s u l t s  are the  c loses t  t o  being correct .  Since the  form 

gives a match t o  the  p i l o t  which i s  as good as any other  form, it 
K1A + K1QS 

( A  + s ) ~  
i s  the  preferred one because it requires  t h e  least amount of equipment t o  
mechanize. 

The root-mean-square values of the  system e r r o r  obtained with the  p i l o t  i n  
t he  loop and with t h e  analog model i n  the  loop are l i s t e d  i n  t ab le  I and may be 
compared. 
these cases w a s  2.7 vo l t s .  Sample time h i s t o r i e s  with the  model form 

A t yp ica l  value f o r  the  root  mean square of t he  disturbance i n  a l l  

K I A  + K 1 q S  
i n  the  loop and with the p i l o t  i n  the loop are presented i n  f i g -  

ures  13 t o  15. These data ind ica te  t h a t  much b e t t e r  cont ro l  i s  obtained with 
the model i n  the  loop than with the p i l o t  i n  the  loop. Both time h i s t o r i e s  and 
root-mean-square values show t h a t  t he  bes t  agreement i n  the  e r r o r  i s  obtained 
f o r  dynamics of 2 / s .  
t he  time h i s t o r i e s  where an abrupt disturbance occurs and the  e r r o r  obtained 
with the  model and with the  p i l o t  a re  very similar both i n  time var ia t ion  and 
i n  the  amplitude of t he  e r ror .  
i s  a good example. 
with the p i l o t  cont ro l l ing  than occur with the  model control l ing.  These t e s t s  
i l l u s t r a t e  t h a t  t h a t  pa r t  of t he  p i l o t ' s  output t h a t  does not cor re la te  with a 
l i n e a r  model i s  not usefu l  i n  reducing the  root  mean square of t he  error .  

dynamics chosen f o r  t he  present investiga- 

( A  + s ) ~  

I n  tests with higher order dynamics there  a re  instances i n  

The instance a t  the  2-minute point i n  f igure  14  
When the  disturbance i s  more gentle,  l a rge r  e r ro r s  occur 

The pa r t i cu la r  case f o r  10/s2 
t i o n  w a s  unusual i n  two respects.  
quency than usual, and the  closed-loop cha rac t e r i s t i c s  were b e t t e r  than usual i n  
t h a t  both frequency and damping r a t i o  were high. 

The cont ro l  motions contained a higher fre- 

In  f a c t ,  the  frequency and 

damping r a t i o  were both higher than t h a t  obtained with the  lo dynamics; 
s ( s  + 1) 

t h i s  r e s u l t  i s  contrary t o  the  t rend shown i n  a l l  da ta  presented i n  reference 2. 
Put t ing t h i s  pa r t i cu la r  model, with gains K 1  = 4, 
loop with dynamics of 10/s2 
t h e  error than w a s  obtained with the  model f o r  t he  

t h e  root-mean-square value with the  p i l o t  i n  t he  loop with 

higher  than t h a t  with the  p i l o t  i n  the  loop with lo dynamics. The use 

of a more typ ica l  set of model gains, K 1  = 3, A = 7, K2 = 6.3 ( a l so  taken 

from re f .  2), restored the  expected trend i n  root-mean-square values with change 
i n  dynamics. However, the  root-mean-square e r r o r  with the  model i n  the  loop w a s  
s t i l l  smaller than t h a t  obtained with the  p i l o t .  These da ta  a re  a l s o  shown i n  
t a b l e  I and i n  f igu re  15. It i s  in t e re s t ing  t o  note the  s m a l l  change i n  gains 
required t o  br ing about a f a i r l y  la rge  change i n  the  closed-loop system error .  

A = 9.3, $ = 8, i n  the 
resu l ted  i n  a smaller root-mean-square value of 

lo dynamics although 

10/s2 dynamics w a s  
s ( s  + 1) 

s ( s  + 1) 
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CONCLUDING REWiEKS 

The transfer functions of a human pilot have been measured by an automatic 
model matching technique using six different model forms. The time histories of 
the pilot's output were matched with the same degree of precision for all models. 
Close agreement among three of the models was achieved in the calculated closed- 
loop characteristics and in the system error obtained with the model in the loop. 
This agreement indicates that a good matching linear transfer function for a 
pilot has been found. 

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Station, Hampton, Va., April 24, 1964. 
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PARTIAZ; DERIVATIVES USED I N  TEE GAIN ADJUSTMENT LOOP FIL" 

The p a r t i a l  der iva t ives  used i n  the  gain adjustment loop f i l t e r s  with each 
of the models are given i n  this appendix. For the  model with 

output - - K l A  + KlK2S 

(A + s ) ~  Input 

the  model diagram i s  

and the  p a r t i a l  der iva t ives  a r e  

For the  model with 

the  model diagram i s  

output 

- _  - .  
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and the  p a r t i a l  der ivat ives  a re  

B + K ~ s  

For the  model with 

Output - - K1 + KlK2S 
Input ~2 + AS + B 

the  analog diagram i s  

Input 

and the p a r t i a l  der ivat ives  a re  

1 + K ~ s  

9 
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TABIZ I.- SUMMARY OF DATA WITR VARIOUS CONTROLLED ELENENT DYNAMICS 

(a) 2/s dynamics 

Closed-loop characteristics Root-mean-square error,' 
Measured gains , 

Oscillatory , 
Analog pilot form t- 

volts, with - 

A B  K1 

K1A + K ~ K ~ s  

(A + s)*  

KiA + K1K2s -0.15s e 
(A + s ) ~  

1 

K1B + K ~ K ~ s  
(A + s)(B + s) 

K1 + K ~ K ~ s  

s2 + As + B 

s2 + As + B 

3 

10 

1 

5.5 

25 

25 

7 

9 

0 

0 

- 

E %lJ 

radians/ se c 
K2 

2 

3.5 

7 

2 

16 

16 

4.36 

8.14 

3.7 

5.2 

6.3 

0.54 

- 57 

93 

.41 

.48 

Real roots 
Pilot 

-1.26 

-1.24; -22.7 

-1.0 

-4.1; -19.5 

-5.0; -6.4; 
-18.5 

-6.4; -32.2 

0.86 

.86 

.86 

.86 

.86 

Analog 
pilot 

0.89 

.83 

.67 

-67 

.46 



TABLE I.- SUMMARY OF DATA WITH VARIOUS CONTROLLED EL;EMENT DYNAMICS - Continued 

I Me a sur  ed 
I 1 Analog pilot form 

KiA + K ~ K ~ s  

(A + s ) ~  
3 5 

gains Root-mean-square error, Closed-loop characteristics 
volts, with - 

I Oscillatory I 1 Real roots 1 
w,, ; Pilot 

(A + s)(B + s )  
7 8 7 2  

I 
8 11 12 , 4 KIB + K1K2s -0.15s 

(A + s)(B + s )  
e 

K1 + K ~ K ~ s  

s2 + As + B 
40 60 ' 40 1.5 

2.8 10.40 -2.3; -7.8 1.2 

3.8 .12 -1.6 1.2 
14.8 ' -93 

3 -3 .39 -4.0; -11.0 1.2 

3.46 33 -3 * 35 1.2 
17.9 .38 

3.1. .37 -0.68; -59.5 1.2 

Analog 
pilot 

0.95 

* 96 

.80 

* 93 

.83 

3.7 .16 -1.9; -18.4; 1.2 .86 
-28.3 

-I-, 



TABLF: I.- SUMMARY OF DATA WITH VAFUOUS CONTROLLED ELFSIENT DYNAMICS - Continued 

lo dynamics 
s(s + 1) 

(4  

Closed-loop characteristics Measured nains Root-mean-square error, 
v 

Analog pilot ,--___-, Oscillatory 
Real roots ~ ~~ 

K2 radianslsec 'Un, 5 K1 A 

volts, with - 
Analog 
pilot Pilot 

K1A + K ~ K ~ s  
2.5 6.3 

(A + s ) ~  

K1B + K ~ K ~ s  
1 5  (A + s)(B + s) 

(A + s ) ( B  + s) 

K1 + K ~ K ~ s  
s2 + As + B 

s2 + A s  + B 

7 

50 

70 

11 

10 

17 

40 

30 

6 

16 

80 

160 

3 . 3  

9 

4 

10 

1 

1 

3.45 

4.1 
18.4 

3-7 

3.7 
22.6 

3.6 

4.4 
22.0 

0.37 -1.24; -10.1 

.18 -1.28 
* 91. 

.38 

.43 
e93 

27 

15 
95 

I 

-1.7; -12.4 

-2.09 

-1.0; -38.2 

-1.0 

1.6 

1.6 

1.6 

1.6 

1.6 

1.6 

0.86 

-89 

- 75 

.80 

-69 

* 75 



TABLE I.- SuMMIlRY OF DATA WITH VARIOUS COWL'ROLLED ELEMENT DYNMCS - Continued 

Closed-loop characteristics Measured gains Root-mean-square error, 

/ K l  1 A l B  p 2  ~ radianslsec 
I K1A + K ~ K ~ s  I 
i 4  

( A  + s ) ~  I 3  
9 - 5  8 
7 6 .5  

K1B + K ~ K ~ s  
6.5 15 6 5  ( A  f s ) ( B  + s )  

KLB + KiK2s ,-0.15~ 
5 25 i o  15 ( A  + s)(B + s )  

K1 + K ~ K ~ s  
I 100 35 150 .8 

s2 + A s  + B 

90 35 250 1 . 2  
K1 + K1K2s - 0 . 1 5 ~  e 
s2 + As + B 

3.9 
3.71 

5.2 
20.4 

3 - 7  

3.7 
23.4 

4.5 

4.5 
24 

0.40 
e21 

- -39 
a 97 

* 35 

.33 
* 96 

* 27 

.12 
* 33 

I I volts, with - 

Pilot 
Real roots 

2.0 -1.78; -14.1 
-1.38; -10.9 2.2 

- -66 2.0 

-1.7; -16.7 2.0 

- .86 2.0 

-1.5; -30.9 2.0 

Analog I 

pilot 

-1.0 2.0 .81 



TABLE I.- SUMMARY OF DATA WITR VARIOUS CONTROLLIED ELENENT DYNAMICS - Concluded 

(A + s ) ( B  + s) 

K 1  + K ~ K ~ s  

s2 + A s  + B 

Kl K1K2S e -0.15s 
s2 + A s  + B 

I 

dynamics 10 (4 
s(s2 + 3s + 10) 

11.4 ' .a5 

50 , 25 60 1.5 3.4 .09 -0.42; -4.7 1.6 1.0 
-22.2 

75 l5 Bo 3.34 .03 -0.6; -14.7 1.6 1 . 3  
10.4 * 76 

I Closed-loop characteristics Root-mean-square error, 
Measured gains volts, with - 

Oscillatory Analog pilot form ----. 

Analog 
pilot 

Real roots 
Pilot %7 5 K1 A B K2 

radianslsec - ~ - ~  
K1A + K ~ K ~ s  6 7  5 3.2 0.18 -0.6 1.6 1 . 2  
(A + s)* 7.9 -96 

K i A  + K1K2s e -0.15s 6 7.5 10 5.4 .a? -0.44; -14.8 1.6 
(A + s)2 9.3 . 86 

K1B + K ~ K ~ s  

(A + s ) ( B  + s) 
6 7.5 5 6 3.4 -0.47 1.6 

7.5 95 
.10 1.0 



Pilot 

\ 

I+ Filter =- Multiplier Adjustable 
gain ?- K/s 

Disturbance Fp-(&-l I 

6 I 1 ;I , -f D i r r e n c e  

Analog pilot 

Figure 1.- Block diagram of t e s t  equipment. 



hput  

Time delay, 
0.1 sec 
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